Abstract: This work concerns causal acoustical wave equations which imply frequency powerlaw attenuation. A connection between the five-parameter fractional Zener wave equation, which is derived from a fractional stress-strain relation plus conservations of mass and momentum, and the physically well established multiple relaxation framework is developed. It is shown that for a certain continuous distribution of relaxation mechanisms, the two descriptions are equal.
INTRODUCTION
The multiple relaxation mechanism framework of Nachman et al. (1990) is widely considered as adequate for acoustic wave modeling in lossy complex media like those encountered in medical ultrasound. It relies on thermodynamics and first principles of acoustical physics. The corresponding wave equation for N relaxation mechanisms is a causal partial differential equation with its highest time derivative order N +2. We denote this the NachmanSmith-Waag (NSW) model. Attenuation in complex media often follows a power law: α k (ω) ∝ ω η , with η ∈ [0, 2] (Szabo and Wu (2000) ). The range where experiments indicate this may cover many frequency decades. In order to make the NSW model attenuation adequately follow ω η , either the valid frequency band must be narrow, or the number of assumed mechanisms N must be large thus inferring a partial differential equation of very high order.
Another way to derive a lossy wave equation is to combine the principles of mass and momentum conservation with some stress-strain relation. This constitutive relation may include fractional time-derivatives, exemplified by the fractional Zener model by Holm and Näsholm (2011) . The resulting wave equation is causal and the corresponding attenuation follows power laws within wide frequency bands.
The purpose of the present work is to demonstrate the link between the NSW and the fractional Zener models via a continuum of relaxation mechanisms. Relevant parts of Näsholm and Holm (2011) are reviewed and reformulated. In addition a more general deduction is provided where the fractional Zener model parameters α and β are not necessarily equal. We aim to encourage the acoustical community to more frequently adopt fractional calculus descriptions for wave modeling in complex media.
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THEORY

Conservation laws and Generalized Compressibility
The linearized conservation of mass corresponds to the strain being defined by
where u is the displacement and the symbol F denotes transformation into the spatio-temporal frequency domain where ω is the angular frequency and k the wavenumber.
The linearized conservation of momentum is expressed as
where ρ 0 is the steady-state mass density and σ denotes the stress, which in this context corresponds to the negative of the pressure.
The frequency-domain generalized compressibility is defined as the ratio between strain and stress: κ(ω) (ω)/σ(ω), therefore being related to the constitutive stress-strain relation. Combining this definition with the conservation laws (1) and (2) gives
Under circumstances where the linearized conservations of mass and momentum are valid, the wave equation is thus completely determined by the generalized compressibility.
The generalized compressibility κ(ω) as given above is sometimes (e.g. in viscoelasticity) called complex compliance J * (ω) = 1/G * (ω), where G * (ω) is the complex modulus.
A Continuum of NSW Relaxation Processes
The NSW model of multiple discrete relaxation processes results in the generalized compressibility
where the mechanisms ν = 1 . . . N , have the relaxation times τ 1 , . . . , τ N and the compressibility contributions κ 1 , . . . , κ N (Nachman et al. (1990) ).
Following Näsholm and Holm (2011) , a representation of (5) when considering a continuum of relaxation mechanisms distributed in the frequency band Ω ∈ [Ω 1 , Ω 2 ] with the compressibility contributions described by the distribution κ ν (Ω) becomes
Letting the limits of the integral go between Ω 1 = 0 and Ω 2 = ∞, and instead incorporating any possible relaxation distribution bandwidth limitation into κ ν (Ω), the integral above is a Stieltjes transform. Applying the Laplace transform relation
the generalized compressibility (6) becomes
The Fractional Zener Wave Equation
The five-parameter fractional Zener stress-strain constitutive relation is experimentally shown to be valid for a wide range of complex media, see the references in Holm and Näsholm (2011) . As given by Bagley and Torvik (1983) , it may be expressed as
From this relation, the frequency-domain fractional Zener compressibility is obtained through the ratio (ω)/σ(ω):
Due to thermodynamic constraints, β is restricted to be smaller than or equal to α (Glöckle and Nonnenmacher (1991) ).
Insertion of the generalized compressibility (10) into the dispersion relation (4), generates the time-domain fractional Zener wave equation )
Connecting the NSW and the Fractional Zener Models
Provided that the conservations of mass (1) and momentum (2) are valid, and provided that the NSW generalized compressibility κ N (ω) of (8) is equal to the fractional Zener generalized compressibility κ Z (ω) of (10), the dispersion relations from (3) are also equal. Because the dispersion relation is a spatio-temporal Fourier representation of the wave equation, κ N (ω) = κ Z (ω) thus implies that the NSW wave equation becomes equal to the fractional Zener wave equation (11). Direct comparison of κ N (ω) in (8) to κ Z (ω) in (10), tells that they are equal in case the following is true:
First we choose to study the case α = β, which was also treated in Näsholm and Holm (2011) . Inverse Fourier transformation of both sides of (12), then gives
where E a,b (·) is the Mittag-Leffler function (see Appendix A), and H(t) is the Heaviside step function. The Fourier transform relation used in the last step above is given in (A.2). Moreover, the inverse Laplace transform relation of (A.3), Eq. (13) hence gives
where f α,1 (Ω, a) was inserted from (A.4).
For the more general case β ≤ α, inverse Fourier transform on both sides of (12) instead gives
Proceeding in a similar manner as for the α = β case then gives the distribution
We have thus shown that the fractional Zener wave equation (11) may be obtained within the Nachman-SmithWaag framework of multiple relaxation (Nachman et al. (1990) ), when assuming a continuum of relaxation mechanisms with the compressibility contribution as given by the distribution κ νML (Ω) of (16).
In viscoelasticity, a relaxation time spectrum (below denotedH(τ )) related to κ ν (Ω) is commonly studied (see e.g. Glöckle and Nonnenmacher (1991) and references therein). It is related to the complex modulus through
It may be shown that for the 5-parameter fractional Zener model, when setting Ω = τ −1 , the τ -dependency ofH(τ ) differs by a factor τ to κ νML (Ω) of (16). Figs. 5 and 6 of Glöckle and Nonnenmacher (1991) illustrate that α = β gives symmetricH(τ ), while α = β breaks the symmetry, most significantly far from the peak region. Such relaxation spectra are experimentally observed for complex media, e.g. natural rubber.
ATTENUATION AND PHASE VELOCITY EXAMPLES
The conventional decomposition of the frequency-dependent wavenumber into its real and imaginary parts, gives the phase velocity c p (ω) = ω/ {k} and attenuation α k (ω) = − {k}.
In general, the attenuation and the phase velocity are thus given from the dispersion relation (3) as
For the fractional Zener wave equation, this results in three distinct regions with attenuation power-laws ): α k ∝ ω 1+α in a low-frequency regime, α k ∝ ω 1−α/2 in an intermediate frequency regime, and α k ∝ ω 1−α in a high-frequency regime.
In the following, the fractional Zener phase velocities and attenuations are further investigated numerically for the α = β case in a similar manner as in Näsholm and Holm (2011) . This is done explicitly by insertion of κ(ω) = κ N (ω) into (18). The results from such calculations are compared to what is found by insertion of the distribution κ νML (Ω) of (14) into the NSW generalized compressibility integral formula (6). This generalized compressibility is finally applied to (18), from which α k (ω) and c p (ω) are found.
We use the latter calculation method to explore the effect of letting the continuum of relaxation mechanisms populate only a bounded frequency interval, rather than the entire Ω ∈ [0, ∞] region. (6) is evaluated numerically using the recursive adaptive Simpson quadrature method.
CONCLUSION
This work shows analytically that the lossy fractional Zener wave equation (9) ) may be attained within the NSW multiple relaxation loss framework (Nachman et al. (1990) ), given that a continuum of relaxation processes are weighted appropriately following κ νML (Ω) as described in (16). The result may be seen as a generalization of what was presented in Näsholm and Holm (2011) as the developments here also cover the case of the fractional Zener constitutive relation not having equal derivative orders α and β.
The advantages of the fractional Zener model is that it fits measurements well and that it is characterized by a small number of parameters, while the NSW model is more intuitive as it does not comprise fractional derivatives. It is also better rooted in fundamental physics. 
